The dynamical symmetries of the Kratzer-type molecular potentials (generalized Kratzer molecular potentials) are studied by using the factorization method. The creation and annihilation (ladder) operators for the radial eigenfunctions satisfying quantum dynamical algebra SU (1, 1) are established. Factorization method is a very simple method of calculating the matrix elements from these ladder operators. The matrix elements of different functions of r, r 
Introduction
Exactly solvable models in Physics have been generating a renewed interest, because of the fact that they can be solved in terms of creation and annihilation operators by means of factorization method [1 -5] . In the year 2002, this present method was proposed in the two related works: the ladder operators for the modified Pöschl-Teller potential and the Morse potential were obtained [3] . With factorization method, the ladder operators of a quantum mechanical system with some important potentials like Morse potential, Pöschl-Teller potential, the pseudoharmonic potential, the infinitely square-well potential and other quantum systems have been established [3, 4] . For comprehensive review (see Dong and references therein [2] ).
Algebraic methods underlying Lie symmetry and its associated algebra have been widely used to study many of these exactly solvable potentials. In 2007, Rasinariu et al. [5] gave a review of the progress made so far in solving exactly solvable problems in quantum mechanics, by connecting supersymmetry and spectrum generating algebras through the property of shape invariance. The solutions of exactly solvable models can be achieved by dynamical algebraic approaches [1 -11] . In 1991, De Lange and Raab [6] presented operator methods with shift operators (that is, raising and lowering operators) for the Hamiltonian of exactly solvable models.
For the factorization method, we are going to adopt Dong's approach [2] by finding the ladder operators K ± with the following properties:
In this case, we are seeking for the ladder operators of the form
these ladder operators depend on the physical variable x, which is different for different quantum systems. With equation (1), the following expressions are obtained:
from which we find that the products of the operators K − n+1 K + n and K + n+1 K − n acting on the given wavefunctions Φ n (x) and Φ n+1 (x), respectively, have the same constant
The SU(1, 1) algebra has useful applications in Physics [2, 11, 16, 17] . The algebra of the group SU(1, 1) is used to generate the energy spectra while the representation matrices of the group could be used to calculate time dependent excitations of the bound states and the scattering states respectively.
For diatomic molecules, the generalised Kratzer potentials is considered as one of the molecular potentials. These potentials have the general features of the true interaction energy, interatomic, inter-molecular and dynamical properties, their wavefunctions do vanish at the origin like Morse potential. This added advantage make these potentials important in Molecular Physics, Chemical Physics, Solid State Physics. These potentials (Kratzer and modified Kratzer molecular potentials) that is being considered in the present work are important molecular potentials which describe the interaction between two atoms . These potentials have been used extensively to describe the molecular structure and interactions and have been receiving much attention in the history of quantum chemistry for some decades ago [12, 14, 15, 20, 21, 23] .
It is the purpose of this paper to study the dynamical symmetries of the Kratzer-type molecular potentials (generalized Kratzer molecular potentials) and to establish that the generators obtained are an SU(1, 1) dynamical group, and to obtain some numerical results for the energy eigenvalues and matrix elements for some diatomic molecules.
The paper is organized as follows. In Section 2, we study the exact solutions of the Kratzer-type molecular potentials. Section 3 contained the construction of the creation and annihilation operators, the commutation relations of some of these operators and the matrix elements of some related functions r and r d dr
. Also, in Section 4, the numerical calculations of the energy levels and matrix elements for some diatomic molecules for the Kratzer and modified Kratzer potentials are given. We conclude with Section 5.
Exact solutions of the Kratzer-type molecular potentials
Consider the molecular potential (the generalized Kratzer potential) of the form [17, 18, 19, 20 ]
This potential is of great interest because, it is a generalised form of the molecular potential which can be used to generate other forms of the Kratzer-type molecular potentials:
• Standard Morse or Kratzer-Fues potential
where D 0 is the dissociation energy between two atoms in a solid and r 0 is the equilibrium intermolecular separation. On comparing with equation (5) • Modified Kratzer potential
where, a = −2D 0 r 0 , b = D 0 r 2 0 and c = D 0 . Modified Kratzer potential is Kratzer potential shifted by the amount D 0 [15, 18, 19, 20] . The graphs of the two potentials (equations 6 and 7) are shown below in Figure 1 . Consider the motion of a particle in a spherically symmetric potential V (r)
where the potential V (r) is taken as in equation (5). We seek for the wavefunctions of the form
which reduces equation (8) into the radial and angular wave functions as:
and
where R n,ℓ (r) and Y m ℓ (θ, φ) are the radial and angular solutions of equations (10 and 11) respectively. For Ψ n,ℓ,m (r, θ, φ) to be finite everywhere, R n, ℓ (r) must vanish at r = 0, that is, R n,ℓ (0) = 0, then R n, ℓ (r) is a real function.
For the bound state energy eigenvalues for this quantum system, the following dimensionless abbreviations are introduced :
. (12) The above equations (12a) and (12b) are chosen in order that the acceptable bounds state solutions are obtained, this can only be possible if E < 0 (otherwise, continuum state solutions will be obtained).
, where ℓ is the angular momentum quantum number. These substitutions allow us to obtain the following hypergeometric-type equation.
This differential equation has an irregular singularity as ρ → ∞, where its normalized solutions in bound states behave like exp (ρ). It further has a singularity at ρ → 0, where
Then, the ansatz for the wave functions which is a physically acceptable solution for R n, ℓ (ρ) can be expressed in the form
and therefore, equation (13) becomes
This is the associated Laguerre differential equation (Kummer equation) [14, 24] , the solution of equation (15) which is regular at origin (regular at r = 0 or ρ = 0) is the degenerate hypergeometric function
For large values of ρ, this solution diverges as exp(ρ), thus preventing normalization, except for when
becomes a polynomial.
Therefore, the solution for the radial equation for this generalized Kratzer-type molecular potential is
where the normalization N nr,ℓ is determined from the requirement that
By using the expression that relates the associated Laguerre functions with the confluent hypergeometric functions
together with the following important formular [14, 24] 
and by substituting γ = ξ 2 , the normalized radial wave function is obtained as
where
The corresponding eigenvalues are :
where β ℓ is obtained as the positive root of equation (12c) given as
3 Construction of the creation and annihilation operators
The ladder operators can be generated directly from the eigenfunction with the factorization method as shown in Dong [2] and references therein. We shall find the diferential operatorsL ± with the following property:
the operators of the formL
which depend only on the physical variable r are to be obtained.
The action of the differential operator d dr on wave functions (22) gives:
The expression above is used to construct the ladder operatorsL ± by using the recurrence relations of the associated Laguerre functions in order to find the relation between R n,ℓ (r) and R n+1,ℓ (r). To find these, the following recurrence relations of the associated Laguerre functions are used [14, 24] :
and the creation and annihilation operators are obtained as:
wheren is the number operator with the propertŷ
The action of the creation and annihilation operators on the radial wavefunctions R n,ℓ (r) gives the following propertieŝ
On studying the dynamical group associated to the annihilation and creation operatorsL − andL + and based on the results of equations (32) and (33), we can evaluate
andL 0 is defined asL
Thus, operatorsL ∓ andL 0 satisfy the following commutation relations:
The action ofL + on the radial wavefunction R n,ℓ (r) gives
IfL + R n, ℓ (r) is non-zero, then, it is an eigenfunction ofL 0 with eigenvalue (ℓ 0 + 1).
Thus, the effect ofL + is to raise the eigenvalue by one unit. Similarly, the action ofL − on the radial wavefunction R n,ℓ (r) gives
and ifL + R n, ℓ (r) is non-zero, then, it is an eigenfunction ofL 0 with eigenvalue (ℓ 0 − 1) (this is the reason for callingL + andL − raising and lowering operators respectively).
For the Hermitian operators, we define the operators as follows:
we obtained the following commutation relations
The Casimir operator [25] can be expressed aŝ
The Casimir operatorĈ now satisfies 
Furthermore, the following expressions can be easily obtained from the operatorsL ∓ andL 0 as follows:
With
From equations (46) and (47), We can deduce the following relations:
these relations form a useful link for finding the matrix elements from ladder operators.
4 Numerical calculations of the energy levels and matrix elements.
Energy eigenvalues of the Kratzer and modified Kratzer potentials.
The energy eigenvalues for the Kratzer and modified Kratzer potentials are obtained respectively, as :
In this work, energy eigenvalues for CO and NO diatomic molecules for the various values of n and ℓ are obtained by means of the factorization method (FM) (equations (50) and (51) ) with the parameters given in Table 1 . The results obtained are compared with other results obtained by using: AIM method [12] ; Nikiforov-Uvarov (NU) method [15] and Exact quantization rule (EQR) method [20] . Table 2 shows the exact bound state energy eigenvalues of the Kratzer potential for CO and NO diatomic molecules for various values of n and ℓ using equation (50) obtained by factorization method (FM) and other results obtained by using AIM [12] and EQR [20] methods. Similarly, Table 3 shows the exact bound state energy eigenvalues of the modified Kratzer potential for CO and NO diatomic molecules for various values of n and ℓ using equation (51) obtained by factorization method (FM) and other results obtained by using AIM [12] and NU [15] methods.
Matrix elements of
The matrix elements for r and r d dr are given as:
where With equations (53) and (54), we can deduce the following relations:
In this case, the matrix elements for the two potentials (Kratzer and modified Kratzer potentials) give the same results, since these matrix elements depend on b = D 0 r 0 and a = −2D 0 r 0 only, and not on c = D 0 . Hence, when the Kratzer potential is shifted by the amount D 0 , (that is, the modified Krazter potential), it has no effect on the matrix elements. For the numerical results, see Tables 4 and 5 . 
Conclusions
In this paper, I have studied the eigenvalues, the eigenfunctions and the matrix elements of the Kratzer-type molecular potentials (generalized Kratzer molecular potentials). The ladder (creation and annihilation) operators for the radial wavefunctions are established.
Also, the Hermitian operators of these ladder operators are obtained. These operators satisfy the commutation relations of an SU(1, 1) dynamical group, the action ofL ± on the wavefunctions that reveals the fact about the raising and lowering effect are The solutions of the generalized Kratzer molecular potentials are obtained via an SU(1, 1) algebraic approach and the results can be generalized to other form of potentials in equation (5) . The generalized Kratzer potential model proposed in this work [18, 19] , allows one to obtain the eigenvalues, the matrix elements and the radial eigenfunctions for the two important molecular potentials simultaneously (that is, the Kratzer and modified Kratzer potentials).
This generalization covers the descriptions about the two potentials, the shapes of the two potentials for CO and NO diatomic molecules are also shown in figure 1 (in the case of the modified Krazter potential) has no effect on the matrix elements.
The advantage of the present approach is that it enables one to find the energy eigenvalues, eigenfunctions and matrix elements in a simple way. The approach presented in this study is efficient and is a very useful link for finding the matrix elements from ladder operators. This approach can be used to find the energy eigenvalues, eigenfunctions and radial matrix elements of the Schrödinger equation with a given exactly solvable molecular potentials for various diatomic molecules for any values of n and ℓ quantum numbers.
The ladder operators constructed in this study, are very useful tools in quantummechanical calculations of the various matrix elements based on the Kratzer molecular basis function. Furthermore, these operators can be used in constructing coherent states. 
